
Určitý integrál, aplikace

Opakováńı pojmů

•
∫ b
a
f(x)dx = F (b)− F (a)

ozn.
= [F (x)]ba ; a, b - dolńı a horńı mez

•
∫ a
a
f(x)dx = 0,

∫ b
a
f(x)dx = −

∫ a
b
f(x)dx

pozor na nespojitost
∫ 1

−1
1
x
dx nelze

• geometrický význam: obsah plochy pod křivkou

• vlastnosti

f(x) ≤ g(x) na < a, b >⇒
∫ b

a

f(x)dx ≤
∫ b

a

g(x)dx∫ b

a

f(x)dx =

∫ c

a

f(x)dx+

∫ b

c

f(x)dx, pro c ∈< a, b >∫ b

a

(Af(x) +Bg(x))dx = A

∫ b

a

f(x)dx+B

∫ b

a

g(x)dx

sudá funkce:

∫ a

−a
f(x)dx = 2

∫ a

0

f(x)dx

lichá funkce:

∫ a

−a
f(x)dx = 0

f(x) ≥ 0⇒
∫ b

a

f(x)dx ≥ 0

• metoda po částech ∫ b

a

u′(x)v(x)dx = [u(x)v(x)]ba −
∫ b

a

u(x)v′(x)dx

• metoda substituce: je třeba provést záměnu meźı podle zvolené substituce

Př́ıklady∫ 3

1

(
2√
x
− 3
√
x

)
dx =

[
4
√
x− 3

4

3
√
x4
]3
1

= 4
√

3− 3

4
3
√

81− 4 +
3

4∫ √3
1

dx

1 + x2
= [arctgx]

√
3

1 = arctg
√

3− arctg1 =
π

3
− π

4
=

π

12∫ 1
2

− 1
2

dx√
1− x2

= [arcsinx]
1
2

− 1
2

= arcsin
1

2
− arcsin

(
−1

2

)
=
π

6
+
π

6
=
π

3∫ 2

−1
3x2dx = . . . = 9,

∫ 8

1

3
√
xdx = . . . =

45

4
,

∫ 2

0

(3x2 − 2x+ 5)dx = . . . = 18∫ 4

1

(
−x+

4

x

)
dx = . . . = 4 ln 4− 15

2
,

∫ 1

0

x3(1− x)2dx = . . . =
1

60∫ 4

1

√
x(1 + 2

√
x)dx = . . . =

59

3
,

∫ π

0

2 sinxdx = . . . = 4,

∫ π

0

1

cos2 x
dx = . . . = 0∫ π

4

0

1 + sin2 x

cos2 x
dx = . . . = 2− π

4

1



Substituce∫ π
2

0

cos3 x sin2 xdx =

∣∣∣∣ t = sinx
dt = cosxdx

∣∣∣∣ =

∫ 1

0

(1− t2)t2dt =

[
1

3
t3 − 1

5
t5
]1
0

=
1

3
− 1

5
=

2

15∫ π
2

π
6

sin2 x cosxdx = . . . =
7

24
,

∫ 2

−4

√
17 + 4xdx = . . . =

62

3∫ 1

0

x

(x2 + 1)2
dx = . . . =

1

4
,

∫ 1

0

ex

ex + 1
dx = . . . = ln(e+ 1)− ln 2∫ π

2

0

cosx

1 + sin x
dx = . . . = ln 2

Per partes∫ 1

0

x2xdx =

∣∣∣∣u′ = 2x v = x
u = 2x

ln 2
v′ = 1

∣∣∣∣ =

[
2xx

ln 2

]1
0

−
∫ 1

0

2x

ln 2
dx =

2

ln 2
− 1

ln 2

∫ 1

0

2xdx =
2

ln 2
− 1

ln 2

[
2x

ln 2

]1
0

=

=
2

ln 2
− 1

ln2 2∫ π

0

x sinxdx = . . . = π,

∫ 2

1

(3x+ 2) lnxdx = . . . = 10 ln 2− 17

4∫ e

1

x3 lnxdx = . . . =
3e4 + 1

16

Parciálńı zlomky∫ 2

1

dx

x+ x3
=

∫ 2

1

dx

x(1 + x2)
=

∫ 2

1

dx

x
−
∫ 2

1

xdx

1 + x2
= [ln |x|]21 −

1

2

[
ln |1 + x2|

]2
1

=

|A = 1, B = −1, C = 0| = ln 2− 1

2
ln 5 +

1

2
ln 2 = ln 2

√
2− ln

√
5 = ln 2

√
2√
5

Určete obsah SM útvaru M ohraničeného zadanými křivkami, načrtněte grafy funkćı:

a) y = x2, y =
√
x

SM =

∫ 1

0

(
√
x− x2)dx =

[
2

3

√
x3 − x3

3

]1
0

=
2

3
− 1

3
=

1

3

b) y = −x2 + 2, y = 0

SM = 2

∫ √2
0

(−x2 + 2)dx = 2

[
−x

3

3
+ 2x

]√2
0

= 2

(
−
√

8

3
+ 2
√

2

)
= 2

(
−2
√

2

3
+ 2
√

2

)
=

8
√

2

3

c) y = −x2 + 2x+ 8, y = 0

SM =

∫ 4

−2
(−x2 + 2x+ 8)dx = . . . = 36

d) y = 16− x2, y = x2 − 16

SM = 2

∫ 4

0

(32− 2x2)dx = . . . =
512

3

2



e) y = −9− x2, y = −5x− 9

SM =

∫ 5

0

(−x2 + 5x)dx = . . . =
125

6

f) y = x2 + 1, y = 0, x = −1, x = 2

SM =

∫ 2

−1
(x2 + 1)dx = . . . = 6

3


